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nauit, quo pacto fimul theoria attractionis punctorum mtra fphae-
roidem (itorum, quae per Newtoni theorema ad atiractionem pun-
ctorum in fuperficie facile referebatur, complete abfoluta erat (De-
caulla phyfica fluxus et refluxus maris, in Recucil des pieces qui
ont remporté les priz.de lagad. roi. des fe, T.IV; Treatife of flu-
xions B.1. Ch.14). Quae Mac Laurin per fynthelin enucleauerat, |
poftea per analyfin (cui antea hniusmiodi quaeftiones macceﬂibi'les
vifae erant) haud minus eleganter eruere docuit ill, Lagranve, at.
que fic vianf ad vlteriores ptogreffns patefecn (Nouv. Mein. de ¥ Acad.
de Berlin 177%). - Scilicet adbuc defiderabatur attractio punctorum
‘extra [phaeroidem neque vero 'in axis nec in aeguatoris prolonga-
tione fitorum enodanda, quam diflitilimam problematis partem
abfoluere contigit ilk. Legendre (Recherches fi:r Lattraction des [phé-
_roides homogénes, Memoires préfentés a Uacad, roi. des fc. T. X.)
Disquifitionem genscaliffimam  de’ attractione [phaeroidum
non per ﬂmoluuonem ortarum , 'fed -quarum fectiones cnm quoli-
' bet plano funt elliples, iamiam inchoauerat- Mac Laurin, [ed fubfii
terat in attractione punctorum in aliquo trium axium pofitorum.
Theorema principale, cui folutio problematis gencralillima_prae-
fertup inpititur, per inductionem quidem iam -cdnicctaverat ill.
Legendxe in commentatione modo laudata fed ill. Laplace primo
fuccellit, omnia rigorofe demonhrare atque [ic folutionem ab omni
. parte. perfectam reddere (Hift. de lacad. roi. des Je. de Paris 17333
eadem folutio repetita in operibus Theoric du mouvement et de la
ﬁgw:e elliptigue des planetes, atque Mecanique celefte VQI—.!:.)ﬂ -
Elegantiam ingeniique fubtilitatem in hac ill.. Laplace folu:
tione eminentem nemo quidem non mirabitur: nihilominus tamen
ipfa fubtilitas arsque admiranda, per qugm arduas difficultates fu. .
perauit, geometris defiderium liquit folutionis fmplicioris,: minus
intricatae magisque directae. Nec plane [atisfecit huic defiderio ill.

> Legendre per nouam theoremam principalis demonfirstionem CHift.
de
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de lacad. roi. des [ec. 17-33; Sur les . intézrales doubles), etiamfi ex-
quifita ars analytica omnium -geometrarum fuffragia merito tule. .
rit *). Poltea clar. Bio¢ foluuonem alteram, - alteram clar. Plana.,
fimpliciorem reddere conati funt (Mem. de linftitut T. V1, Memo-
rie di matemnatica e di fifica della focieta italiana T.XV): fed fic
quoque viramque folutionem ad intricatifimas analyfeos applica-
tiones referendam elle, quisque facile concedet.
~ Gratam itague analyflis atque altronomis fore fperamus folu-
tionem nouam problematis celebratillimi per viam plane diuerfam
procedentem, &t ni fallimur ea [mplicitate gaudentem, vt nihil -
amplius defliderandum linquat. ‘
Ipsa quidem folutio noltra paucillimis pagellis continebitur.

" Operae tamen pretium efle cenfemus, antequam ad ipfum problema,

cui haec _commentatio dicata eft, descendamus, quaadam disquifi-
tiones praeliminares, quae in aliis quoque eccsfiordibus opportune
applicari poterunt, aliquanto generalius exfequi, fufiusque expli-
care, quam infiituti noftri ratio per fe fpectata poftularet,

- 2. ,

Confiderabimus gencralillime corpus finitum figurae cuiuscun-
que, a reliquo fpatio infinito per fuperficicm vnam continuam vel
plures conunuas interque fe.discretas feparatum (fi forte corpus
cauitatem vnam pluresue includat), quarum complexum Gmplici-
- ter fuperficiem corporis dicemus. Concipiatur haec fuperficies in
infinita elementa ds divifa; it P punctum elementi ds, cuius coor-
dinatae ad-tria plana inter fe perpendicularia relatas denotentur per
_\- s o z, Y%
*) De his dnabus folationibus e. g. ita iudicat ill, Lagrange: Os ne peut
regarder lewrs folutions que comme des chefs. d'oenvres d'analyfe , mais
on peut défirer emcore une folution plus directe et plus [imple; et les pro- ’

grés continuels de Panalyfe donment licu de l’esp!y er.  Nouv. Mem. de

© Tacad. de Berlin 1793. p. 263. . v
. : A 'Y



4 .~ .  CAROL. FRID. GAVSS :

x, ¥, z. Sint PX, PY, PZ rectse axibus coordinatarum resp. pa-
rallelas, atque in plagas eas directae, verfus quas coordinatae in-
crementa pofitiua capere fupponuntur, porro fit PQ fuperficiei nor-
malis extrorfumque directa. sit M punctum attractum vbicunque
libet Rtum, ipfins coordinatae a4, b, ¢, atque diftantia PM (femper
pofitiue accipienda) =r. Angulos quos facit recta PM cum PX,
PY, PZ denotadimus per MX, MY, MZ, angulosque inter PO atque '
PX, PY, PZ PM per 0X, QY QZ, QM. Haec omnia ad puncta
fuperficiei ‘indefinite referuntur: quoties de pluribus punctis fuper-
ficiei determinatis agendum erit, iisdem characteribus accentibus
diftinctis vtemur. ' : ,
, 3. | N
Concxpxatur planum axi coordinstarum x normale, ita tamen,
vt 1p(iua aequatno@xh:beatur per x = a, « fit minor quam valor
minimus coordinatae x in fupetﬁcle corporis, Corpus in hoc pla-
num proiectum fignram finitam ibi defignabit, quam in elementa .

_infinita d2 dispertitam fuppqnemus. In elementi d3 puncto I7 eri- -
- gatur perpendiculum (fiue axi coordinatarum x parallelum), quod
" fecet corpus in punctis P/, P/, P'" etc.: horum punctorum mpulti-

tudo manifefto erit ;iar. Evigantur etiam perpendicula ad planum 4
in/ﬁhguli’s punctis circamferentiae elementi dX, quae formabunt .
fuperficiem cylindricam fenfu-latiori, atque e fuperficie corporis
elementa ds’, ds/, ds'/ etc. refcindent. Elementum dX erit proie-
ctio ﬁngulorum elementornm ds/, ds", ds“' etc., vnde patet effe d
= = ds’. cof QX! = =ds¥. col PX+ = = ds'*, cof PX etc., figno
fnpenon vel inferiori valente, prout cofinus anguli acuti vel ob-
tufi adeft. Quoniam vefo manifefto perpendiculum in P’ corpus
ingreditar, in P” e corpore exit, in P/ rurfus intrat etc., facile
perfpicitur, PX' obtufum efle, Q’{” acutum, QX" obtufum etc,
ita vt habeatut
iz =— ds’ cof {7X’ + ds”. col‘ PXtt = A5, col QX ete.
' : adeoque
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" ¥, z, lolarum z, z, folarumgue x, y.
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adeoque propter partinm multitudinem parem
ds’. cof OX' - ds”. col QX“ + ds', cof QX 4-etc. = o..
Tractando eodemy modo omnia reliqua alementa d3, 'atque.
fumnando, nancifcimur

THEOREMA PRIMVM.
Integrale [ ds. cof PX per totam corporis [uperficiemn exten-

Generalius eodem modo inuenitur, mtegrale -
S (Tcof OX + UconY+ Vol OZ) ds
euanelcere, fi T, U, P refp. delignent functiones rationales. folarum

e =

"\

4 )

Quum volumina partium cylindri a plano noftro vsque ad
,puncta P/, P/, P etc. refp. fint =d 3. (x'—a), dX. (z/'—a),
d=. (x"'-—-a) etc., pars voluminis corporis ea, quae intra cylm-
drum fita eft, erit ) _

' ::--a:’dZ-}-x”dE-—x'”dE—}-etc : .
= ds’. 2’ col QX' 4 ds’’. x" col QX! 4 ds/t!, /" cofl X! - ete.
vnde fummando pro omnibus d < obtinemus -

THEOREMA SEGVNDVM

" Polumen integrum corporis exprimitur per integrale f ds.x cof X

_ per totam [uperficiem extenfum.

Manifeflo idem volumen etiam per [ds. y cof QY vel per
[ ds. zcol QZ exprimere llcebxt

5

Cono:platur iam primo cylinder totus matena vniformiter

denfa repletus, videamusque quantam ﬁngnla eius elementa attra-

ctionem in punctum J exerceant. Dlmdatur cyhnder per plana

mﬁmte ~

[
i
\
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infinite ibi proxima bafique parallela in cylindros elementares, qua-
liam vnus, ad punctum cuius coordinatae funt £, s,,'g, per 4. df
‘exprimi poterit. Huius diftantis a puncto M esit - :
SV(@-E)? + b=t + c—gH =g, -

vnde ipfius attractio in punctum M exhiberi poterit per d=. d£. fg,
denotante functione fo legem " attractionis.  Quare quum per
totum cylindrum fola. £ tamquam ‘variabilis fpectanda’ fit, erit
pdp=—(a—5)d§, et pr;)in attractio elementi = — 9{9‘: i‘ig)z

Qua refoluta in tres attractiones partiales axibus coordinatarum
x, v, z parallelas atque oppoﬁms prima erit — — fo.dp. d%. Hinc
defignando mtegrale f fo- do per Fp, attractio cylindri a bafi d3 vse
que ad punctum cuius coordinata prima = £ in punctum M, fecundum
axem coordinatarum x érit= -— (Ip — Conft.) d% =— (Fp — FR)d%,
f°R fupponitur deﬁgnare difiautiam bafis dX a puncto M. Hinc
fequitur, eandem attractionem partialem omnium partium corpons,
quae intra cylindrum jacent, fieri '
= (Fr!.— Fr'’ 4 Fr'" — etc.) dX
=—Fr',ds’.cof QX'-—Fr". ds’’. col QX! — Frt! ds', cof QX' —
etc. . : . ‘ w
Extendendo haec ratiocinia ad omnia elementa dZ, colligimus

THEOREMA TERTIVM.

. Attractio corporis in punctum M, axi coordinatarum paral-
lela atque oppofita, exhibetur per integrale — f Fr. ds. cof QX per

' totam Juperficiem extenfun.

Prorfus fimili modo manifefto attractio l‘ecundum duas rel:quas
directiones principales exprimetur per integralia — f Fr.ds. col 0,

’
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6 . .
lIam rem alia via aggrediemur. Concxplatur l'uperﬁmes fphae- '
. rica radio =1 circa centrum M delcripta, atque in elementa mﬁmte
parua dispertita,  Sit IT punctum’ huis fuperﬁcxel ad fpauolum
dZ in eadem pertinens; ducatur radius M[I, atque fi opus eft vlira
[phagrae Tuperﬁcxem indefinite preducatur. Sint P/, Pir, Prus e,
puncta, in quibus hic radius fuperficiem corpons nofiri deinceps
fecat, exclufo tamen ipfo puncto M, fi forte in 1pfa fuperﬁcle iacet.
“Horum uaque punctorum multitudo par erit’ vel impar, prout M
fitum eft extra foliditatem corporis vel intra, patetque cafum vbi
M in ipfa’ corpons fuperﬁcle iacet, annumerari debere vel cafui
priori vel poﬁcnou, prout radius MI] ab i initig vel'a corporis fo-
liditate recedit, vel eam intrat. Concipiantur porro rectae a IF ad
peripixeffam l'pauoh 'dY ductae, quae ‘fon'nab'unt fuperficiem coni-
cam (fenlu latiori), atque in fuperﬁcne corporis mofiri ad' puncia
p, Py, pi etc. refp fpauola ds’, ds” ds'e’ ete. dehment. Denique |
defc::bantur per puncta P/, Pir, P erc. portmncu]ae luperficierum
fphaericarum e centro M radiis MP’ — r'y MP/ =y, MP"' = r'" ¢xc.;
fintque fpatiola, quae conus ex illis éxfecat, d¢’,do*, ds/ etc. Omnia
haec fpatiola dX, ds/, do’ etc. tamquam poﬁhua fpeclabxmus. His
praemxms habemus : '
. det  dgtt o dgnt
dEz‘-i- = - = r'_:_"—' etc.
S patwlum do’ confiderari poteft tamquam pronecuo [patioli ds’ in pla=
um, ‘cui recta P’ eft normalis. - Hinc erit do/= = ds'. 'cofMQ/
gno fupenon vel inferiori accepto, prout MQ’ acutus eft vel obtu-
18: cafus prior locum habet, quoues recta a P/ ad M ducta a cor-
ore recedit, i. e. quoues M iacet extra corpus, cafus polfterior vero,
noties recta P’M in P! corpus intrat, i. e. quoties M iacet intra cor-
18- 'Perinde erit do?’ = 52 ds”’ col MQ¥, dg'1" = == ds?, cofl MO et

nde patet, - - R ) SRR
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I. Si M iaceat extra corpus, haberi !
ds’. col MQ' = F-r'r'dZ ’
dst.cofl MOV = —r"'r"dZ
’_ ds'!, col MO = 4"y 3%
etc. o :
IL Sivero M iaceat intra corpus, Geri
- dsf cofl MQ! = —r'r'dE o -
ds cofl MO = HrirdE . e
ds'! co[MQ"_'a = -l dz
etc.
In calu I ltaque erit (propter aequauonum mulutudxnem parem)
ds’. cof M@’ ds'/..cofl MQ" ds'4, col MO
rir' Q ; ri ri p + ,,,f,,,pl +etc =0

in cafu II vero (propter aequationum multitudinem m)parem)
- dst. cof MQ" ds”.col. MO#  ds'*.col M

i ritylt ) rilptt T-ete. = -‘-—62
Tractando eodem modo omnia elemema dz, et fummaﬁdq, ad

ds. cof M '

laeuam mamfeﬁo habebimus integrale -‘——"_ Q . per totam

corpons fuperficiem extenfum ad dextram vero in cafu priori o,
in pofteriori aream integram fuperﬁclel fphaencag radio = 1 de
fcriptde negatine fumtam, i.e. — 4=, denetante 7 femicircumfe--
rentiam circuli, cuius radius =1. ' .
De cafu, vbi A7 in ipfa corporis fuperficie . collocatur, feor-
Gm dICendum eft. = Concipiatur planum tangens [uperficiem corpo-
ris in puncto M, quod fupetﬁclem fphaericam in- duo hemlfphaet
ria aequalia dirimet, alteram ab eadem parte plani, a qua eft [oli-
ditas corporis in J, alterum a parte oppofita. Refpectu omupinm
elementorum dZ, quae funt in hemifphaerio priori, punctum M ¢on-
fiderandum erit tan;gpexﬁ punctum ianternum, ‘pro reliquis tam
quam externum. Hinc patet, e [ummatione omnium
ds’.
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ds’.col MQ’ - . -ds’'s cof MOV ds’«/, col MQ*

. ﬂr‘ + ‘ rurn . . rlllrlll o

ptodn-e tantaminodo arcam d;qump {ghaerae negamu l'umemhm.
Ita fhbxlmms

+etc.

‘I’HEOBEMA“; QVARTVM.

L e d::ooleb“ = 5
Integrale e L totam cngmm [u m

‘enfumﬂ ‘vl =o, vel =—aw, vel =~ 4, prouthcet cm
orpus, vel in eius fuperficie, vel intra corpus.

- Cemrum ger eadem nnocmia demonficitur, génenhter iﬁte- '».
"Pds. éof MQ . '
rale f - m cafu gumo euane[cevq,ﬁ,P dqnotpt fnn- -

ionem quamcunque ratlonnlem quanmatum oof MX eof MY
IfMZ. ’ RS P . A o S = - . .

Sy e O S A BN

~

RS »,:1-",“!'; ht79’ :."l R I AET : « b

Volunen Tpasif conicia vertice. vaque ad ptmdtum P, py, ~P“‘ ete;
poeft = =47 do’, $ritdg¥, R ri dg# grc., ﬁue:::-:}r‘ds? colMQ,
§ rtedss “cofL B (44 2= joa ' cd s, oof MO .etc., fgmis fuperios
us vel inferioribus valentibus, prout M iacet extra wel intra cory
s. In cafu priori autem-partem’ foliditatis corpotis- conftiuunt
tes coni a P/ vsque ad P*, .a P/ vsque ad P! ete., in pofieriori
© partes coni a M veque ad P/, a P//.veque ad P“etc, In vtro-

> igitur cafu pars corporis ea,quiae iacet intra. conumx bafi 43 ims

entem, fit - AP A S A U
~} (r/ds’. cof MQ’-]— i dst; cof MQ”+r”’ ds"' ‘cof M} +-etc.)
ctanda qodem modo cuncts  elementa 62, et {ummando,
inemus '

Rt T

F.@awfs, Thaoria Atiract. orp. Sphaer. Eif kom. Tom.l, B  THEO-



I0 (7. .7 . CAROL. FRID..'GAVSS !
‘ THEOREMA vaﬂrvm X

Volumen carpom' integri aequale ef' Integralz — % j' rﬂ:. cof M? .
per ‘totam CO"pUriJ’fupﬂﬁam mt?nfb‘ R A A S X33 LN T O

El;f: "-5” PN

ADIEUYRELEY 7 SSER SR |
Tam fupponamus, corpus efle v:ﬂbtmmxﬂe‘fum, fingulaque
efits Blenredta’ exérceré attfactitnetn 'in puneium M ahcurfuncuom :
diftagtiae propgrtionalem, ita vé. denetante p fhﬁantnm elementi &
puncto attracto, attractio exprimatur per elemienti volwmen in. fo.
Concipiatur primo gonus nofter bali 43 .inhifiens tmps .materia ple-
nus, atque per l'uperﬁcxes [phaericas infinite fibi proxjmds e centro
M 3ébotipas “ifl ‘efeimenta infinité dispertitus. Tale “elementum,
ad: (phagram cuiug radius =g, exprimetur per podp. 4, adeogque
‘vis qua agit in 87, per dX gofp. dp. Denotando itaque integrale
Jeefo- do per ®p, patet d3. (Pp— Po) exprimere atiractionem par-
tis coni a vertice vsque ad diftantiam o in punctum A, fiue gene-
ralitey dXY(Pp/ ~— Dp) attractionem’ comi inter diftantias a vertice
gerg’. Ab.omnibns itaque partibus. corporis noftsi 1mn conuim
 iacemdibius: ntrahetur punctom M. o dn‘ecuope ‘MH m, idin ex-
punuuu per . ot o S
5 b ('-*Q)" ’+ @r/'w- @’” b ot G}ca) AT RN
quouea B4 iacet extra corpus, vel per . L. c e
v, 4Z (o 4 Ot/ — Or¥ o QriV — eh:) o
quoties M iscet: inws corpus, -fup - (. ow v:is:; SR

in cafu priori per PR
A i;&ﬁMQl  dsh, (Pl"”eof‘MQ” ‘as"" q,,ur,bof M?L”
- dre. L et P ptiiplft
— etc. . o

in cafu pofteriori vero per eandem formulcm adiecta parte
) — dz Qo:

S e, L Mealiplis
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Multiplicando hanc exprefionem per. cof MX, habebimus vim,
qua partes corporis.imtra cohunt fitae aterabunt punctum ia direr.
ctione axi coordinatarum x parallela atque oppofita. Hinc vis, qua
corpus integrum agit in eddend ditectione, exptimetur per mtegule

~ds. dr. cofMQ cos MX '
— » per totam corporis fuperficiem ex-

tenfum, ﬁqmdem punctum attrgotum iacet extra corpue, fed nd-

licere adhuc oportet mtegrale —-do. f 43, cof MX per totam fa-

perficiem fphaericam extenfum, quoties M/ iacet intra cox‘pus Nullo
porro megotio perfpxcltur, in cafu eo vbi M i nceat in corpous fuper—
ficie, aducnendum qmdem efle idem mtegrale (1>o f as. cof MX,
fed per dnmtdum tantummodo fphaerae [fuperficiem extenfum,
et quidem per hexmsphaénun; id, quod deﬁmtur plano corpnns fa-
perficiem in M tangente atque ab eadem plani parte iacet, a qua eﬁ:

foliditas corporis in puncto M. Vt valorem huius mtegrahs de-,

erminemus, concipiammus folidum intra hemisphaerium iftud atque
rlanum wolufum. _Denotet’ aqndeﬁmte ansulum inter. tecum fu—
serficiei huins fol;dx normalem extroxfumque d:recum otque re'
tam axi coordinatarum x parallelam. Hinc perTheoreme anum
ntegtalefds ,cofa per totamn fol*dx fupetﬁolem qxtenfum éuanefmt
ude fi integrale per folam partem .planam’ fuperﬁcml extenfnm
upponuur = J, iutegrale per fuperﬁcnex partem curusm deBebxt
fe = — J. - Sed in parte curua ds conuenit cum noﬁw d=, 9 vero
t = 180° — MX. Hinc patet, mlegrale -rde cof MX, per
emisphaerium extenfum fieti = — J. In parte. ;plana autem fuper-
ciei manifefio § efl conftans, atque aequahs va]on lyﬁus MX in

uncto M, vnde J aequalu erit prodacto éofinug. humsce anguh in -

eam plam, guae fit = 7. Hmc colhgnur, mtegrale — Qo. f JE
f MX, per heml,sphaenum quod fupra definiuimus extenfum,
ri = —  do. col MX, fumto pro MX valore in puncto M. Pror-

- eodem modo valor integralis — (I)ol_[dz cos WX per hemis-
Ba : . phaerium’

car.uemr _ Sime~ A 7

ava

L Tmer
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phaeriom alterum extenfum inuenitur = 4 % ®o. cof WX, vnde

mtegralo per totam fphaeram fit —=o. EBx his emnibys colhgumu

¥ S - S TTE SR LS

Te vl THEOKEMA: SEXT“M. -

Auractzo corporis in punctum M axi com'dmatarum x pardl-
lcla et oppoﬁta, exhibetur per integrale
’ ds or. col' MQ col' MX
[
per totam ﬁtperﬁcwm extenfum, Jiue M idcéat extra cotpus, fiue
intra, fed adiecta parte — n ®o. cof MX, quoties M iaiet in ipfa
A Juperficie, vbi pro MX accipiendus eﬂ valor deﬁnitus, quem ha-
bct in M. '
" 'Manifefio vires fecundum’ directiones axibns comdmutatum
y, z parallelas atque oppoﬁtas pennde exprimentur per xntegraha
ds dr. cof.MQ cof MY fds. or. cofMQ cof MZ
v rr "
qmbus a&ncere oportet — = ®o, cof MY, — » ®o. cof MZ (fum-
tis pro angulu valoribus deﬁnms in M ) quones M iacet in cOr-
poris fuperficie.

T e——

Ceterum facile perfp:cnnr, tres vires — 7 ®o. cof Mx, —

7:(1>o. cofl MY, — 7 do. cof MZ aequinalere vmcac = '— x ®o
:pﬁ fuperficiei normali introrfumque directae. S

Manifefio euolutione integralis — do. S d3. cof MX fuper-
federe potuiflemus, fi functio fita comparata eft, vt liceat Ratuere
®o'=o; fed maluunus disquifitionem omni gencmhtate perfeqm.
Quotles autem attracuo cubo ohxonue poteﬂau Jlﬂantme propor-
uonaha l'uppomtur, patet,’ xllud non lcere, fed necefario ‘feri
®o = — o0, vande: feqmtur, in tali fuppoﬁnohe punctum in cor-
poris fuperficie poﬁtum vi mﬁmta vorfus fohdum premi,’

N o - 1
/ B

P3N

9.
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Per methodos hactenus explicatas iniegralia, quse per totum
orporis volumen extendi debniffent (mtegralm tnpln), ad talia re+
uximus, quae tantummodo- per corporis ‘fuperficiem funt exten-’
enda, et quidem duplici xﬁodo Indoles fuperﬁcnel exprimitar per

quationem inter coordinatas x, y, 2, i. e. per aéquationem W =o,"
enotante /¥ functionem variabilium x, y, z, quam ab omni irratio-'

litate liberam fupponere hcet. Prodeat e dxﬁ'erenuanone fun«'

ionis W : ‘ o :
aw = Tix + Wy + Viz

nftatque, T, v,V relp. proportionales effe cofinibus angulorum

tae, ‘quae fuperﬁmen normalis eft, cum rectis axibas coordinata.

m x,,z parallelis ’ ie angulomm QX QY QZ. Hmc qmdem '

ligitur, efle
 cof QX =

\

=T
v(TT+ UU + VV) , -
=U . I S
Y(ITH+OUU+¥#P¥?) =~ -
: =V ‘
cof Q2= T T OO T 77 |
ambiguum manet, vtrum figna fuperiora, an inferiora adoptare

cof QY=

rteat. Qued vt decidsmus, capiamus in recta PQ fuperficiei .-

> normali extrorfumque directa punctum P/ ipfi P infinite proxi-
n, fitque (hﬂanua PP' = dw. Erunt itaque coordinatae puncti
efp. | .. o
x +,aw:'cor_gx =x+da
y—|—dw.conY y 4 dy
z+dwconZ z 4 dz

a

Jue incrementum valoris funcuoms W inde a puncto P (vbi-

o) vsque ad punctum P’

. ' , R . =dw
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= dun (T cof OX 4 Ucof oY + ¥ cof QZ)

, = dw. V(TT + UU + PV) ' : :
Hinc patet, figna fuperiora valere, fi recedendo a -corporis folidi- -
~ tate functio /¥ nancifcitur valorem pofitinum, et proin negativum
ingrediendo corporis foliditatem, contra figna inferiora, valere in
- cafu oppofito. BReuera quum fuperficies noffra tum corporis folidi-,
tatem a reliquo fpatio vacuo feparet, tum [patii partes -eas vbi /¥
pofitinum valorem obtinet, ab iis vbi valor functionis 7 ‘,ﬁ; xiogi-
tiuus, generaliter loquendo vel extra corpus valor functionis 7 po-
Btiuus erit, intra negatiuus, in quo cafu figna (uperiora accipienda
erunt, vel functio 7/ negatiua erit extra, pofitiua intra corpus, in
guo cafu figna inferiora valebunt. :
- Cofinus. angulorum rehquomm, qm,bus m formuhs noﬁm.
opus habemus, adhuc facilius euoluuntur, Habemus [cilices
a=2x 4 r cofl UX : '

=y +r fin MY
c=2z +r fin MZ , o -
vder=v (@—0)° + (b—y)* + (€=2?) .=

cofl M ==

ezt

1

\

”
C=z

- cof MZ—

. o
Denique per theorema fatis notum fit

cofl MQ = cof MX. col OX + cof MY cof{)Y + co[MZ conZ

G , R
ne _, T@-=x) + Ub—y) + V(C—'z)
cof MQ— T (TT+UU+PP)

-

10.
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CoTL o - 10,
Tam vt integratio expreflionum differentialium per totam fus
perficiem abfolui poflit, has expreﬂibnes ita transmutare oportet; vt
luss tantummodo variabiles contineant. Hoc fieri quidem poteﬁ‘.
>hmmando vnam € vauabxhbus x, ¥,z adinmento aequationis
W=06:"fed plerumque hec modo formulse minus traotabiles
rodeunt. Praefiat itaque, duas nouas indeterminatas' pi g introdus
ere, ita vt tum x, tum ¥, tum z tamquam functmnes harum inde-
rminatarum confiderare oporteat. L
Simulac igitur xpﬁs P, q valores determinati tfibuuntur, etiam
¥z detebminatae eruat, &:&: illis punctuth determinatum in cor-
rig Tuperfitie refpandébit. 'Haeo mutita eéreelatio clatius ob ceut
s ponetur, fi planum mdeﬁmtum cbncxpnamus, cmus fingula
ncta per coordinatas rgctangulares p, ¢ exhibeantur. Cuiuis ita-
e puncto plani relpondebit punctum in fu'perﬁcie corporis ét qui-
m vnicum tantitd, ftves ita inftructa eft, vt x,y,z fint fundtio:
; vniformes- indeterminatarum p, g. Quodfi vice ver{a etiam -per
y, z plerie et absgue ambiguitate determinantur p et g, manifefto
nis puncto fuperficiei corporis viicum tantum plani punctuny re-
ndebit, planumque in hoc cafn vndlque in infintum porrigi

et, quo mtegram corporis [uperficiom 'exhauriat. - Alioquin -aus

‘plani partem tanturhmodo confiderare opoxtebit, limitibis firsin
rel infinitis deferiptam, quae corporis fuperficiem qudfi repraes

1bit. Con¢ipiatur planum per infinitgs rectas thm'lineae abfcile -

m parallelas tom. ipfi- normales in- elementa "rectangula diui-
. huiusmodi elemenfum, infer puncts quorum coordinatge funt
+ dp, q : o
q + dg o ' N
+ dP , 9+4dq v .
ntum, erit = dp. dq, refpondebxtque elemento paullelogram-

matico
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matico in fuperficie corporis contento inter quatuor puncta, quo-

rum coordinatae refp. erunt o v
-I.x,y,z, -

IL x4 Adp, y + pdp. z + ydp

IIL x 4 A\‘dq, vy + u'dq, z + y4dg

IV. x 4 Adp-+ A‘dg, y + #“P+ #’ﬂq. 24 wﬂP +v‘59.
B fuppanimus. effe

- dz= Adp + l:.’,dq : , N

dy = udp + p'd S

dz = pdp -)-v'dy

. Proiectiones hm.qs.n:eao, quam ﬁatmmua = d.s o dn tria plam axi-

i

bus coordinatarum' z, y, z.nermalia, facﬂe'magmunm refp. =
= (uy! — yyu') dp.dg : )
= (VA — Ay’') dp. dg

= (A — uA) dp.dg . IR

vnde per theorema [atis notum ipfa alemenn area erit
=dp.dg V ((up' — yp')® + (WA’ — A% + (A’ — pA)?)

Hinc patet, fingula integralia in fex noftris theorematibus pro-
lata, s8d formam talem reduci [ Sdp. dg, wbi § vel explicite
wél implicita fit fungtio Juarnm indetermipatarum p,q, iptegratio-
nemque vel per totwm planum fisfinitum extendendam efle, vel per
¢amh plani pdrtem, quae fuperficiem isitegram covporis nafiri quaf
repraelentat. Integratio ipfa autem modo his* modo illis artificiis
abfoluetur, de-gnibus regulae. gemerales dari nequeunt,

| Cémum adhuq oblerugmus, quum fubftitutis pro x,y, z valo-
ubns per pig exprellis, functio ¥ neceflario. fierj .debeat jdentice
= o, etiam identice i e. mdependenter a valonbus ipfarum dp, d¢
" feri debere : )
o= (XT+I4U+vV)dP + (X’T-I- #’U+ v’V) dg -
fiue haben

AT
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')-T""PU‘F”'V:Q‘ Lo 7, R R
B (,‘;\. T+FIU+ 'ly);% K 1"“"' B 5o "'“,)‘/. ”\
Hinc fequitur, quan:itates ;,w’- v,u L YAl — Ay, 7x,u’ e yl’ veé

iplis T, U, ¥, five cofinibus angulorum OX, QY; QZ proportionss

-

les enadere, guod iam e {upta dictis, fed remaneate ﬁgnomm am.

bxgmme, colligere hcnerat. S T E R Jpeae

arn »II.,- T A T ‘g
Ab his dlsqmﬁnombus 5enerahbua ad corpora fphaeroxdm.
elliptica defcendimus, quorum ‘cauffa illae fuerant, fufceptae. Tni-

tio abfciffarum in cosporis ocntro fumw fqmmxxbusquq Qer A, B, ¢

l

deﬁ«natxs, uquauo fuperﬁcxex cnt

, AA + BE“‘*‘*'F"‘* SRR

Pt

]

or0 ommbus pnncnsnmug icoxpas W1 xobtmm nlom mgatiuol,

ofitinos - antem pro omnibus pnnotis extra cozpul. Porro erit

= ——-, U=, Fﬁ‘ ¥ =G = oo ﬁatuendo xuque .

tnm W}: llgfua A GO N ER
V‘Af“-’- ' C4)—. R ;;‘,..i: i

1

cof QX_‘:}/(IA’ co,f ?n; J;BB’ co(‘QZ... ‘J/CC

. Gﬂv—ﬁ)x (bv-y)y -(e—2)z. " . .‘; Lo
°°f, QMT fq, T 4a. +m .t @) N
g2, B S
Iam mtrodmfamﬂ dqac, mdetmmms p,q tales vt fat
=4P0fp ;'.';.‘ R N S
= B ﬁnp aol'q ‘ o o . ‘
:Cﬁnp Ting - B

F.Gauj:, Theoria Attract. Corp. Splmm Ell. hm. Tom 1. C  Facile.

, N ) ) . ,

. zzv o ‘?,
- Sutnemua itaque IV = 9—‘72 3 iBB + 'n.vndo patet,

- .
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Facile perfplcxetur. totam [phaeroidis fuﬁperﬁmem fic. exluutfn &
p extendatur a o vsque ad 180°, q voro’ @ o vsque tdaaﬁo" “Porro

“habebimus- "0 vt e T I S N B M
= = A fin'p, M=o g o agering Lo 'mi*‘,"! g
p=Beofp, colq, p'=— B finp-fiwg" = -t -

»=Cocolp fing, ¥ =C fin p. cofq 2850 i T

x
— /= —
,,p yp BCcol'p ﬁnp ABC fin p. a4 o
R ST RIS D LE) SN DS AN

ri\.’—)\v’—ACﬁnp cofq:gdBCﬁnp. BB . .

= ,1-‘ = 'ﬁ' r(. l.( ﬁi V.:.' hl’-.. I
7"" P"' 4B ﬁn P - Gn 9 /{\ ‘C”"mp QCCZM\.,&.»;’:' I R AR,

Hine quoniam fin p intra lipites, qu;‘;a hic conMoramus, vb:-
que fit quantitas pofitiua, fatuere vporteg::|~ = -,
ds = dp. dq. 4BC. ). i p "

""" Applicando bas fornudes ad sheofema fecun&um, RE corporis
vohamen: fen: (Ratuenda denfitatem;z=n) mafla::- - .| scdineme g
4 5= ff dp. dgu ABG. oof p?. fin poi- anﬂiumr Gl MR BG
fiue integrando primo fecondum g :

= o [ dp. ABC. cof p. finp = Mc C [ dp. {ﬁn P+ ﬁn 3p)

quod integrale a p=o vsque ad p == lao%oft extenden " Hine
prouenit %'u’ABC vti aliunde cordftat;” T i
' . o
13. . N N

Ad determinandam attnctwmm, quam fphaord:uxercetm pute
‘etam quodp’lmquegﬁ attractio cuiuspisvelememti quadratg, diftapgise

& puncto attracto reciproce prOporudnalu fupponitwr, habemis fr=

1

ps Fr= - -;-‘, @r=r. 8it stractio fphaeroidis integri fecun-

dum directionem axi -coordinatarsim: * pmﬂléh‘m atqud oppofitam
X Ratuatorque X = ABCE. Erit- uaque s per theoteitid fertmnf,

X ﬂ‘dpdq—-”—ﬁ—"——-_/]d d Bch?p'ﬁhb

adeo~
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adeoque N
[15_ dp dq cof}p ﬁnp T :
“71,-"‘;“)"“,"" T '.5 SheI
0 Pﬂ*nde Ob}}nwﬁ“-s, P““h“’mp“ fﬂ’EtEm: 4] .';"T o
_ 'dp dq n p3 N (a —x)x. (b (.c-’z

Den‘igue theorema qoarmm nobis fuppedxtat
,5]# % ﬁn?p sa x)x "'P ( ot Sc
"i"\‘f'i BT Y W..”,"..‘.

< 1*1 ——z %0’ .

rout punctum J iacet vel extra corpus, vel intra corpas. -

Iam quantitates A,B C tamquam valores’ pamcnhus lnum
ariabilium. «, §, ¥ confideramus, ita compﬁtﬂuh V& aecti== 66,
t —eoy fint conftantes. Ita £ fpectari poterit umtluam functio
ariabilinvm g, €, o fen pouus vnius ex ipfis: variationes fimulta-
a8 quantititum &, ¢, G,y -per characterificam 4 diftinguemus. Fa-
e bondludirar ex-dequations [1]; orefcentibup g, €,y i infinituin,
rltra ominks limités: decreloive; ‘quum ydanifefto et valot mini--
us ipfius 7 vltra omnes limdites crefcat. Statuere itaque dportet
= o pto a = oo. Differentiando aequationem 1 ] its axhilutm

ARRY

. dpaq cdﬁp‘ﬁ*br‘n', LT I P t
s "~ . N X R p‘l"‘u'/ru PO Y LR O
undnm chafhetetilh’bam 5.— )plro&hf R RLIE AL B

dp dq cofp ﬁnp 90' T

l hllbomn& BT T —',T'-I‘i‘!l SR e
e {a—ﬂsjhw(bmy)bmﬂami)&» £onds g ten

= (m)m‘pu&zﬂ-(b-n") ﬁmp.sofq “*(‘“)ﬁnP fing. 37
: —-(a—x):r, — ‘{5‘* é..s.(c-z}z. g—

— M' W.* ez,
’“’” T c?}* Y
- .G - (propter.




. -

@0 1T T TCAROL,: mm,wwir‘h EERUE
(propter ade — £ =0, ade— ydy = o): hine_ At

dp. d fi a— x v b'__ ——
da&‘l"éa\a:&‘ﬂ' P C qrm 1n p (a a:ﬂ\ ( gjyd_(f ?)z

Hinc fubtraheddo géquidiidiem’ [T} tb“Ja’&mﬁhchﬁ&, poﬁ~

q&,am ‘A, E'CuToc ,ym‘ntataé fan_t_‘ AT e i’u e

T YT
dp. dq afinp: (a—-x\x '(b-—y)y (c"é-z)z
“36 3d-ﬂ T 'rg'. R spll %o au"_’“t?‘*";» <§€-’+ 77) w)‘

Huxus geguqhonw-ﬁaty &l—dexkaqz pes—acq-u\ {sti ﬁt = vel
N 471;“3 . ‘4 3
”——az’y— prout M lacet eft%i"a vel mt,r%corpus, Jta vt fiat in
cafu Pr?.ol‘l’ " i IR RIS P S BRI R I

) ;[4333\&;'-'%:\7‘ bing g-‘wfu PRI CLER VRN SN Lo siia BRGTA

v in.polterior] AWOM1. .y Kt L rrniabie vy o ey ot firin
t] ;E e o (lﬁ_aa_fx SNEEN RLEPERR N ANED | IRGADEI R R R -.0\"
v ey . *.‘;,f,,:._...:' RERTE
Aoquauo {4} pratinus: efendit, - 59@!'csmﬁmmm. ﬁue atm-
:cmnmn X:imdflan propostianslem. pmnompxbuhellwfmmbus, in
-GRMIUS bics —-GC ) ot — sy At guaniitares, confiantes,. i. e,p quarum
*tres -[ootiones primpipales. fint - elliplesiex . iiadem. focis . defcrjptae,

DN

,-Guamdju pyuctam atiractum.extrs fphaeroidem iaceat., , Quam con=

cluﬁonem quum omni rigore veraz{i,n, qﬁmtumm%prbxlme fphae-
roidis fuperficies ad punctum attractum accedat, ncceﬂ;apo eliam

~-ad fphaeroidem ipfam exténdere - licebit, . cum%:[gmﬁc;es -per ip-

fum punctum attractum ttanﬁ'.. , A

Problema itaque de attructione fpﬁaeroxd‘is; in ptmctum qaod
cunque externum determinanda, reducitur ad duo alia: iproblerhats,
fclhcet primo ad dc‘efmmaﬁonem dimenfionambalivs- [phaeroiditex
‘Jisdem quiiblss: fphaerdis. propotiea’ focisideferiptué pmctumquenttra-

. ctum tranfeunus, fecundo, ad problema de sttractione Jphaewld” ‘

~ in punctum in Jpfius fuperﬁr ie poﬁtum. Problema prins. gc:q?ﬁf a
folunone aequanoms cubjcae;, &qum . ‘iada«m mbﬂ(uxcam

B muoluere
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innaldere facile demonfiratur, cuique hic immorari fuperfiuum ' vi- -
detar,. Vt vero probléma alterum foluamus, confideremus calum
alterum, . vbi. ptmctmn .attractum jacet intra’ corpus; Quum Bt
& Zaa: -krBB - dd v g -f- CC—a A4, fubfhmomus hds

g o A
valores in aequauone 59 (imulque facxemus == =t. Hinc emergnt' :

ASV'((ro-(n—F )ct)(t '(.'- )u) R

35-— _ 4a1ru3t B

ﬁue reﬁuuendo charnclenﬁncam d et lntegrando
' 4117;' o ttdt - :
5 - - cc:
v (,(lo-b (n-—-— )tt) (a (2 — AA:tt)

[uod mtcgrah ita fumendum eﬂ vt euanefcat pro t=o0, ac dem,
ro [phaeroide determinata cuius femiaxes funt A, B, C, extenden- -
um vsque ad ¢ = 1. Habemus itaque . -

,-] X — 401{30[ . T - "t-t,dt'
o A4 V'((x—(n-— )tt)(.—(:-—-)u)

negrauone At =o vsque ad t =1 extenfa Manifefio attractionés
(khus' cmx&tharum ¥ .z,;'paralielae hjnc fponte denuantur, E
A cam b, B vel cum ¢, C' permutantur. -
Hagc_naq\re fqmnla l'uppedna attractionemi omnium puncto-
m iotra Tpheeroidem,’ et quum rigorofe fit vera,- quantumnis
oximum Bt punctum-attractam ipli [phaeroidis (uperficiei, etiam
jue ad. puoata in fnporﬁc;e poﬁte valeblt. .Ad guam quum'attra.
o pumictorum, -exsernarum dam rqducn .ﬁp, problema ism- com-
te.eft folutum.,., N C ,
Aeéquatio [6] preeteres- docat, -pro pnncto interno attroctxonem
nium fphaercidum fimilium Bmiliterque pafitarum prpt,fus iden.
m effe.. Quodfi itagque huiusmodi fphaerois in plura firata di.

- A ' vifa
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vifa: concipiatﬁr. 'quon'xm'"fqpe'tﬁcie’sintemae et exterhae [dperfi-
siei [phaeroidis fint imiles fimiliterque pofitae, manifefto fingula

firata pupctum attractum eircumnoluentia ad attractioneny in. hoc

punctam pihil conferent, {ia vt tantummodo :eﬁemucuo nuclé
lnteuons cmus fuperﬁcues per npfun; pupctum tranﬁt. . '

oL 14.." e e e e Ty

De |pfa integratione fermulae [6} non~opug ot ptohxe dif-
ferere. Conftat [cilicet, eam a traosl'cendenubus pendere s ! cuculo lo-
ganthmxsque altioribus, i omnes 4, B,C fint maequnles in hoc ita-
que cafu ad feries confugiemus, quae tanto citius ccmt:ergentJ quo
minus fphaemu a fphaera . dnfcrep&t 8i vero. duae quantitatum
4, B, C funt aequales, e.g. 4 =8B, in que ca!'t; fphaerou oru; ent
per reuolutionem circa axem = aC, erit

- 4maC . ttde '
. X=77 / cc.
S _ V‘(x—(n-— 1) i)
svracol@ '

=Tmps ®— gﬁn.go)

' Ratuendo -C—--—coI'@, el\f(x-— ):ﬁnQ,v-ﬁ C{A !

4 =P VeVl ’
aut , T .
’X' - quuCC . QWGAJG l’ G-{-V‘(CO—A‘A)
CC— 44 (CC—JA\Q g ,4 RENT
T ﬁ C> A, ' N . -

Attractio in directione coeidmﬂﬁsy parallola dt o‘pﬂpcﬂ' ta, pro-
dit musande ‘in- ks formulis afo b,  wnde - patet- has duus vires
aequiualere vnicae, cuius directio axi #C normalis eft; bnintq®
intenfitas inuenitur, ' ‘in -formula modo tiadita a in dn{hnm'ﬂ
‘mncn attucn ab hoc axe mutatur. ' Co

o R B 2
FE I - % hv : . oo .
. - .

Attractio
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- fﬁ;uutiq denique in divectione coordinatis z parallela et oppoy

fita.i.e. od 2eqmateovem. nosmah ﬁt in calu, vhai B....A, e
ok o Mﬂdﬁ f B BT Y
l”, ' l—' (‘._. ___) tt ' .’\ " | ;v' N ¢ ' "K
vitde §r(ntur, i C<A p‘onendo vt fupra— cof P, e
SR S v , S T RV
_4me col Y °° . et e e
rn @3 ( ng@ ¢) ‘ -A,-'l-lu...:JU!l'. LR S

| vero Co A, prodit | ‘ '

gmed.A4C Io CH+vVv (CC—Ady - fmwedA
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andem, fi omnes tres .4, B, C lunt aequales, i.e. fi corpus eft
haera, attractiones fecundum tres directiones prmclpalea fiunt '
- 4ma, $nb, -3110

¢ identicap cum’iis, quas nuclens [phaericus, in-cuins fuperficie
inctum attractum iacet, exerceret, fi ipfiys mafla in centro eflet
ncentrats. Hinc etiam fponte fequitur, puncta externa a fphaera
rinde attrahi, ac i eius mafla tota effet in centro, vti Newton

mus docuerat.

R

Additamentam.

" Poftquam haecce iam perféripta effent, innotuit, indicante ill.
lace, commentatio egregia cl. Ivory in Philofophical Transactions
A. 1809, vbi idem argumentum per methodum ab iis c}uibus '
erant ill. Laplace et Legendre prorfus diuerfam tractatur. Summa
antia ille geometra attractionem puncti externi ad attractionem
cti interni reducere docuit, i. e. problematis partem, quae fefnper
difliciliori habita eft, ad faciliorem. Methodus sntem, per
2 hanc alteram partem tractauit, longe magis complicata eff,
- . , . partimque
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pnrt,imqu‘e' perinde vtamethodus qua ill. Laplace pro piactis exter-
nis vlus eut., .nohﬁdentibni ferierum inknitarum ‘nop: {emper com
vergenuum innititur, quam VUqua eultare hcnlﬂ'et. Gaqter‘um haec
folutio clar. Ivory, quae obiter {pectata quanlam Bmilipndinis fpe-
ciem cum nofira prae fe ferre videri poflet, propius examinata prin-
'cxgus omnnino dzuerﬁ; xnmq inuenietur, pec fere qlp‘ldqum;m ytrigue “
folutioni cominune eft; nifi vfus md@termnunum a nobis per
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